THE RICCI TENSOR OF AN ALMOST 
HOMOGENOUS KAHLER MANIFOLD 



Andrea Spiro 

ABSTRACT. We determine an explicit expression for the Ricci tensor of a K-manifold, 
that is of a compact Kahler manifold M with vanishing first Betti number, on which 
a semisimple group G of biholomorphic isometries acts with an orbit of codimension 
one. We also prove that the Kahler form to and the Ricci form p of M are uniquely 
determined by two special curves with values in jj = Lie(G), say Zu, Z p : R — > = 
Lie(g) and we show how the curve Z p is determined by the curve Z^jj . 

These results are used in another work with F. Podesta, where new examples of 
non-homogeneous compact Kahler-Einstein manifolds with positive first Chern class 
are constructed. 



1. Introduction. 

The objects of our study are the so-called K-manifolds , that is Kahler manifolds 
(M, J,g) with b\ (M) = and which are acted on by a group G of biholomorphic 
isometries, with regular orbits of codimension one. Note that since M is compact 
and G has orbits of codimension one, the complexified group G c acts naturally 
on M as a group of biholomorphic transformations, with an open and dense orbit. 
According to a terminology introduced by A. Huckleberry and D. Snow in [HS], 
M is almost-homogeneous with respect to the G c -action. By the results in [HS], 
the subset S C M of singular points for the G c -action is either connected or with 
exactly two connected components. If the first case occurs, we will say that M is a 
non-standard K-manifold; we will call it standard K-manifold in the other case. 

The aim of this paper is furnish an explicit expression for the Ricci curvature 
tensor of a K-manifold, to be used for constructing (and possibly classify) new fam- 
ilies of examples of non-homogeneous K-manifold with special curvature conditions. 
A successful application of our results is given in [PS1], where several new examples 
of non-homogeneous compact Kahler-Einstein manifolds with positive first Chern 
class are found. 

Note that explicit expressions for the Ricci tensor of standard K-manifolds can 
be found also in [Sa], [KS], [PS] and [DW]. However our results can be applied to 
any kind of K-manifold and hence they turn out to be particularly useful for the 
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non-standard cases (at this regard, see also [CG]). They can be resumed in the 
following three facts. 

Let q be the Lie algebra of the compact group G acting on the K-manifold 
(M, J, g) with at least one orbit of codimension one. By a result of [PS1], we may 
always assume that G is semisimple. Let also B be the Cartan-Killing form of 
0. Then for any x in the regular point set M reg , one can consider the following 
£>-orthogonal decomposition of q: 

g = l + RZ + m , (1.1) 

where [ = 0a; is the isotropy subalgebra, M.Z + m is naturally identified with the 
tangent space T (G/L) ~T X (G- x) of the G-orbit G/L = G ■ x, and m is naturally 
identified with the holomorphic subspace m ~ V x 

T> x = {ve T X {G -x) : Jve T X {G ■ x) } . (1.2) 

Notice that for any point x G M reg the £>-orthogonal decomposition (1.1) is uniquely 
given; on the other hand, two distinct points x, x' G M reg may determine two 
distinct decompositions of type (1.1). 

Our first result consists in proving that any K-manifold has a family O of smooth 
curves r\ : M. — > M of the form 

f] t = exp(itZ) • x , 

where Z G 0, x Q G M is a regular point for the G c -action and the following 
properties are satisfied: 

(1) r\ t intersects any regular G-orbit; 

(2) for any point T] t G M reg , the tangent vector rj' t is transversal to the regular 
orbit G ■ r] t ; 

(3) any element g G G which belongs to a stabilizer G Vt , with r\t 6 M reg , 
fixes pointwise the whole curve rj; in particular, all regular orbits G ■ r\ t are 
equivalent to the same homogeneous space G/L; 

(4) the decompositions (1.1) associated with the points r\ t G M reg do not depend 
on t; 

(5) there exists a basis {/i, . . . f n } for m such that for any rj t G M reg the complex 
structure J t : m — > m, induced by the complex structure of T Vt M, is of the 
following form: 

<^/2j = Aj(t)/2_/+l , Jtf2j+1 = ~ \ (t) ' 

where the function Aj(t) is either one of the functions — tanh(£), — tanh(2t), 
— coth(t) and — coth(2£) or it is identically equal to 1. 

We call any such curve an optimal transversal curve; the basis for MZ+m C given 
by (Z,fi, . . . ,/ 2 n-i), where the /j's verify (1.3), is called optimal basis associated 
with r\. An explicit description of the optimal basis for any given semisimple Lie 
group G is given in §3. 
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Notice that the family O of optimal transversal curves depends only on the action 
of the Lie group G. In particular it is totally independent on the choice of the G- 
invariant Kahler metric g. At the same time, the Killing fields, associated with the 
elements of an optimal basis, determine a 1-parameter family of holomorphic frames 
at the points rj t £ M reg , which are orthogonal w.r.t. at least one G-invariant Kahler 
metric g. It is also proved that, for all K-manifold M which do not belong to a 
special class of non-standard K-manifold, those holomorphic frames are orthogonal 
w.r.t. any G-invariant Kahler metric g on M (see Corollary 4.2 for details). From 
these remarks and the fact that rf t = JZ Vt , where Z is the first element of any 
optimal basis, it may be inferred that any curve r/ £ O is a reparameterization of a 
normal geodesies of some (in most cases, any) G-invariant Kahler metric on M. 

Our second main result is the following. Let r] be an optimal transversal curve 
of a K-manifold, g = I + M.Z + m the decomposition (1.1) associated with the 
regular points rj t £ Af reg and let to and p be the Kahler form and the Ricci form, 
respectively, associated with a given G-invariant Kahler metric g on (M, J). 

By a slight modification of arguments used in [PS], we show that there exist two 
smooth curves 

Z hJ ,Z p :R->C fl ([)=3(0 + a, a = G (l)n(RZ + m) , (1.4) 

satisfying the following properties (here 3 (I) denotes the center of [ and C s (l) denotes 
the centralizer of I in g): for any n t £ M reg and any two element X,Y £ q, with 
associated Killing fields X and Y, 

LJ tlt (X,Y) = B(Z u (t),[X,Y]) , p m (X,Y)=B(Z p (t),[X,Y}) . (1.5) 

We call such curves Z w (t) and Z p (t) the algebraic representatives of uo and p along 
r\. It is clear that the algebraic representatives determine uniquely the restrictions 
of lo and p to the tangent spaces of the regular orbits. But the following Proposition 
establishes a result which is somehow stronger. 

Before stating the proposition, we recall that in [PS] the following fact was 
established: if q = I + M.Z + m is a decomposition of the form (1.1), then the 
subalgebra a = G (l) n (M.Z + m) is either 1-dimensional or 3-dimensional and 
isomorphic with su 2 . By virtue of this dichotomy, the two cases considered in the 
following proposition are all possible cases. 

Proposition 1.1. Let r/ t be an optimal transversal curve of a K-manifold (M, J, g) 
acted on by the compact semisimple Lie group G and let q = I + MZ + m be the 
decomposition of the form (1.1) determined by the points r] t £ M reg . Let also 
Z : R — > C s (i) = 3(1) + a be the algebraic representative of the Kahler form lo or of 
the Ricci form p. Then: 

(1) if a is 1-dimensional, then it is of the form a = MZ and there exists an 
element 1 £ 3(1) and a smooth function f : R — > R so that 

Z(t) = f{t)Z + I- (1.6) 

(2) if a is 3-dimensional, then it is of the form a = su 2 = RZ + RX + MY, 
with [Z,X] = Y and [X,Y] = Z and there exists an element I £ 3(1), a real 
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number C and a smooth function f : R — > R so that 

m=mz » + dm x+I - (L7) 

Conversely, if Z : R — > C g (Q is a ctirwe in C B ([) o/ i/ie /orm (1.6) or (1.7), then 
there exists a unique closed J -invariant, G-invariant 2-form w on the set of regular 
points M reg; having Z(t) as algebraic representative. 

In particular, the Kahler form lo and the Ricci form p are uniquely determined 
by their algebraic representatives. 

Using (1.5), Proposition 1.1 and some basic properties of the decomposition 
= 1 + RZ + tn (see §5), it can be shown that the algebraic representatives Z^it) 
and Z p (t) are uniquely determined by the values u Vt (X, JX) = B(Z ul (t), [X, JtX]) 
and p Vt (X, JX) = B(Z p (t), [X, JtX]), where X 6 m and J t is the complex structure 
on tn induced by the complex structure of the tangent space T rjt M. 

Here comes our third main result. It consists in Theorem 5.1 and Proposition 
5.2, where we give the explicit expression for the value r Vt (X,X) = p Vt (X, JX) 
for any X 6 m, only in terms of the algebraic representative Z u it) and of the Lie 
brackets between X and the elements of the optimal basis in 0. By the previous 
discussion, this result furnishes a way to write down explicitly the Ricci tensor of 
the Kahler metric associated with Z w (t). 

Acknowledgement. Many crucial ideas for this paper are the natural fruit of the 
uncountable discussions that Fabio Podesta and the author had since they began 
working on cohomogeneity one Kahler-Einstein manifolds. It is fair to say that 
most of the credits should be shared with Fabio. 

Notation. Throughout the paper, if G is a Lie group acting isometrically on a 
Riemannian manifold M and if X € = Lie(G), we will adopt the symbol X to 
denote the Killing vector field on M corresponding to X. 

The Lie algebra of a Lie group will be always denoted by the corresponding 
gothic letter. For a group G and a Lie algebra 0, Z{G) and 3(0) denote the center 
of G and of 0, respectively. For any subset A of a group G or of a Lie algebra 0, 
Cg(A) and C g (A) are the centralizer of A in G and 0, respectively. 

Finally, for any subspace n C of a semisimple Lie algebra 0, the symbol n 1 - 
denotes the orthogonal complement of n in w.r.t. the Cartan-Killing form B. 



2. Fundamentals of K-manifolds. 



2.1 K-manifolds, KO-manifolds and KE-manifolds. 

A K-manifold is a pair formed by a compact Kahler manifold (M, J, g) and a 
compact semisimple Lie group G acting almost effectively and isometrically (hence 
biholomorphically) on M, such that: 

i) &i(M) = 0; 

ii) G acts of cohomogeneity one with respect to the action of G, i.e. the regular 
G-orbits are of codimension one in M. 
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In this paper, (M, J, g) will always denote a K-manifold of dimension 2n, acted on 
by the compact semisimple Lie group G. We will denote by uj(-,-) = g(-,J-) the 
Kahler fundamental form and by p = r(-, J-) the Ricci form of M. 

For the general properties of cohomogeneity one manifolds and of K-manifolds, 
see e.g. [AA], [AAl], [Br], [HS], [PS]. Here we only recall some properties, which 
will be used in the paper. 

If p E M is a regular point, let us denote by L = G p the corresponding isotropy 
subgroup. Since M is orientable, every regular orbit G ■ p is orientable. Hence we 
may consider a unit normal vector field £, defined on the subset of regular points 
M reg , which is orthogonal to any regular orbit. It is known (see [AAl]) that any 
integral curve of £ is a geodesic. Any such geodesic is usually called normal geodesic. 

A normal geodesic 7 through a point p verifies the following properties: it inter- 
sects any G-orbit orthogonally; the isotropy subalgebra G lt at a regular point j t 
is always equal G p = L (see e.g. [AA], [AAl]). We formalize these two facts in the 
following definition. 

We call nice transversal curve through a point p G M reg any curve n : M — ► M 
with p E r)(R) and such that: 

i) it intersects any regular orbit; 

ii) for any r) t G M reg 

rf^T^G-th) ; (2.1) 

iii) for any tfr G M reg , G m = L = G p . 

The following property of K-manifold has been proved in [PS]. 

Proposition 2.1. Let (M, J,g) be a K-manifold acted on by the compact semisim- 
ple Lie group G. Let also p G M reg and L = G p the isotropy subgroup at p. Then: 

(1) there exists an element Z (determined up to scaling) so that 

MZsCgOjnl 1 , C s (i + RZ) =3(l)+RZ ; (2.2) 

in particular, the connected subgroup K C G with subalgebra t = [ + RZ is 
the isotropy subgroup of a flag manifold F = G/K ; 

(2) the dimension of a = C g (l) n l -1 is either 1 or 3; in case dim^ a = 3, then 
a is a subalgebra isomorphic to SU2 and there exists a Cartan subalgebra 
t c C [ c + a c C fl c so that a c = CH a + CE a + CE_ a for some root a of the 
root system o/(g c ,t c ). 

Note that if for some regular point p we have that dim^ a = 1 (resp. dim^ a = 3), 
then the same occurs at any other regular point. Therefore we may consider the 
following definition. 

Definition 2.2. Let (M, J,g) be a K-manifold and L = G p the isotropy subgroup 
of a regular point p. We say that M is a K-manifold with ordinary action (or 
shortly, KO-manifold) if dim^ a = dimR(C g (Q H I ) = 1. 

In all other cases, we say that M is with extra- ordinary action (or, shortly, KE- 
manifold). 
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Another useful property of K-manifolds is the following. It can be proved that 
any K-manifold admits exactly two singular orbits, at least one of which is complex 
(see [PS1]). By the results in [HS], it also follows that if M is a K-manifold whose 
singular orbits are both complex, then M admits a G-equivariant blow-up M along 
the complex singular orbits, which is still a K-manifold and admits a holomorphic 
fibration over a flag manifold G/K = G c /P, with standard fiber equal to CP 1 . 

Several other important facts are related to the existence (or non-existence) of 
two singular complex orbits (see [PS1] for a review of these properties). For this 
reason, it is convenient to introduce the following definition. 

Definition 2.3. We say that a K-manifold M, acted on by a compact semisimple 
group G with cohomogeneity one, is standard if the action of G has two singular 
complex orbits. We call it non-standard in all other cases. 

2.2 The CR structure of the regular orbits of a K-manifold. 

A CR structure of codimension r on a manifold N is a pair (V, J) formed by a 
distribution V C TN of codimension r and a smooth family J of complex structures 
J x : V x — > V x on the spaces of the distribution. 

A CR structure (V, J) is called integrable if the distribution V 10 C T C N, given 
by the J-eigenspaces V x ° C V x corresponding to the eigenvalue +i, verifies 



Note that a complex structure J on manifold N may be always considered as an 
integrable CR structure of codimension zero. 

A smooth map 4> : N -> N' between two CR manifolds (N, V, J) and (N', V, J') 
is called CR map (or holomorphic map) if: 

a) 0,(2?) C V; 

b) for any x G N, 0* o J x = J^ x) o (f)*\-D x . 

A CR transformation of (N,T>, J) is a diffeomorphism <fi '■ N — > N which is also a 
CR map. 

Any codimension one submanifold N C M of a complex manifold (M, J) is 
naturally endowed with an integrable CR structure of codimension one (V,J), 
which is called induced CR structure; it is defined by 



It is clear that any regular orbit G/L = G • i £ M of a K-manifold (M, J,g) 
has an induced CR structure (T>,J), which is invariant under the transitive action 
of G. For this reason, several facts on the global structure of the regular orbits of 
a K-manifolds can be detected using what is known on compact homogeneous CR 
manifolds (see e.g. [AHR] and [AS]). 

Here, we recall some of those facts, which will turn out to be crucial in the next 
sections. 



[V 



10 ,D 10 ] C V 
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V x = { v G T X N : Jv G T X N } 



Jx - J\t>x ■ 
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Let (G/L,V,J) be a homogeneous CR manifold of a compact semisimple Lie 
group G, with an integrable CR structure (T>, J) of codimension one. If we consider 
the £>-orthogonal decomposition g = { + n, where [ = Lie(L), then the orthogonal 
complement n is naturally identifiable with the tangent space T (G/L), o = eL, by 
means of the map 

: n -> T {G/L) , <j>(X) = X\ . 
If we denote by m the subspace 

m = (t)- l {V ) c n , 

we get the following orthogonal decomposition of g: 

= [ + n = l + KZp + m . (2.3) 

where Zx> G (l + m)- 1 -. Since the decomposition is ad[-invariant, it follows that 
Zv£C e (l). 

Using again the identification map <j) : n — > T a (G/L), we may consider the 
complex structure 

J:nwm, J = <j>*(J ). (2.4) 
Note that J is uniquely determined by the direct sum decomposition 

m c = m 10 + m 01 , m 01 = , (2.5) 

where m 10 and m 01 are the J-eigenspaces with eigenvalues +i and —i, respectively. 

In all the following, (2.3) will be called the structural decomposition of g associ- 
ated with V; the subspace m 10 C m c (respectively, m 01 = m 10 ) given (2.5) will be 
called the holomorphic (resp. anti-holomorphic) subspace associated with (V,J). 

We recall that a G- invariant CR structure (T>,J) on G/L is integrable if and 
only if the associated holomorphic subspace m 10 C m c is so that 

[ c + m 10 is a subalgebra of g c . (2.6) 

We now need to introduce a few concepts which are quite helpful in describing 
the structure of a generic compact homogeneous CR manifold. 

Definition 2.4. Let ./V = G/L be a homogeneous manifold of a compact semisim- 
ple Lie group G and (V, J) a G-invariant, integrable CR structure of codimension 
one on N. 

We say that a CR manifold (N = G/L,T>, J) is a Morimoto-Nagano space if 
either G/L = S 2 ™ 1-1 , n > 1, endowed with the standard CR structure of S 2 ™ 1-1 C 
CP™, or there exists a subgroup H C G so that: 

a) G/H is a compact rank one symmetric space (i.e. MP n = SO ra+ i/SO„ • Z 2 , 
S n = SO n+1 /SO„, CP n = SU n+1 /SU„, MP n = Sp n+1 /S Pn or OP 2 = 
F 4 /Spin 9 ); 

b) G/L is a sphere bundle S(G/H) C T(G/H) in the tangent space of G/H; 

c) (V, J) is the CR structure induced on G/L = S(G/H) by the G-invariant 
complex structure of T(G/H) ^ G c /H c . 
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If a Morimoto-Nagano space is G-equivalent to a sphere S 2n ~ l we call it trivial] we 
call it non-trivial in all other cases. 
A G-equivariant holomorphic fibering 

tt : N = G/L -» T = G/Q 

of (N, 2?, J) onto a non-trivial flag manifold (T = G/Q, Jj?) with invariant complex 
structure Jjr, is called CRF fibration. A CRF fibration tt : G/L — ► G/Q is called 
nice if the standard fiber is a non-trivial Morimoto-Nagano space; it is called very 
nice if it is nice and there exists no other nice CRF fibration tt' : G/L — > G/Q with 
standard fibers of smaller dimension. 

The following Proposition gives necessary and sufficient conditions for the exis- 
tence of a CRF fibration. The proof can be found in [AS]. 

Proposition 2.5. Let G/L be homogeneous CR manifold of a compact semisim- 
ple Lie group G, with an integrable, codimension one G-invariant CR structure 
(V, J) . Let also g = [ + RZ-p + m be the structural decomposition of g and m 10 the 
holomorphic subspace, associated with (V,J). 

Then G/L admits a non-trivial CRF fibration if and only if there exists a proper 
parabolic subalgebra p = r + n C g c (here r is a reductive part and n the nilradical 
ofp) such that: 

a) x = (p n ) c ; i)l c + m 01 Cp; c)[ c C t . 

In this case, G/L admits a CRF fibration with basis G/Q = G c /P, where Q is the 
connected subgroup generated by q = r n and P is the parabolic subgroup of G c 
with Lie algebra p. 

Let us go back to the regular orbits of a K-manifold (M, J, g) acted on by the 
compact semisimple group G. We already pointed out that each regular orbit 
(G/L = G ■ x,T>, J), endowed with the induced CR structure (V, J), is a compact 
homogeneous CR manifold. In the statement of the following Theorem we collect 
the main results on the one-parameter family of compact homogeneous CR mani- 
folds given by the regular orbits of a K-manifold, which is a direct consequence Th. 
3.1 in [PS1] (see also [HS] and [PS] Th.2.4). 

Theorem 2.6. Let (M, J,g) be a K-manifold acted on by the compact semisimple 
Lie group G. 

(1) If M is standard, then there exists a flag manifold (G/K,J a ) with a G- 
invariant complex structure J a , such that any regular orbit (G ■ x = G/L, 
V,J) of M admits a CRF-fibration vr : (G/L,V,J) -» (G/K,J Q ) onto 
(G/K, J ) with standard fiber S 1 . 

(2) If M is non-standard, then there exists a flag manifold (G/K,J ) with a 
G-invariant complex structure J Q such that any regular orbit (G/L = G ■ 
x,T>,J) admits a very nice CRF fibration tt : (G/ L,V, J) — > (G/K,J a ) 
where the standard fiber K/L is a non-trivial Morimoto-Nagano space of 
dimension dim K/L > 3. 
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Furthermore, if the last case occurs, then the fiber K/L of the CRF fibration it : 
(G/L,T>, J) — > (G/K, J Q ) has dimension 3 if and only if M is a non-standard KE- 
manifold and K/L is either S(RP 2 ) C T(RP 2 ) = CP 2 \ { [z] : l z ■ z = 0} or 
S(CP V ) C TOCP 1 ) = CP 1 x CP 1 \ { [z] = [w] }. 



3. The optimal transversal curves of a K-manifold. 

3. 1 Notation and preliminary facts. 

If G is a compact semisimple Lie group and t c C is a given Cartan subalgebra, 
we will use the following notation: 

- B is the Cartan-Killing form of g and for any subspace A C g, A 1 - is the 
£>-orthogonal complement to A; 

- R is the root system of (g c ,t c ); 

- H a 6 t c is the £>-dual element to the root a; 

- for any a, (3 6 R, the scalar product (a, (3) is set to be equal to (a, (3) = 
B(H a ,Hp); 

- E a is the root vector with root a in the Chevalley normalization; in par- 
ticular B{E a ,E_ p ) = d a p, [E a ,E_ a ] = H a , [H a ,E p ] = (/3,a)Ep and 
[H a ,E- f} ] = -(j3,a)E-{,; 

- for any root a, 

1 i 

Fa = ~~^p2^ a ~ E-a) ' = (Ea + E- a ) ', 

note that for a, [3 G R 
B(F a ,Fp) = -5 aP = B(G a , Gp) , B(F a ,Gp) = B(F a , Hp) = B(G a ,Hp) = ; 

- the notation for the roots of a simple Lie algebra is the same of [GOV] and 
[AS]. 

Recall that for any two roots a, (3, with (3 ^ —a, in case [E a ,Ep] is non trivial then 
it is equal to [E a , Ep] = N a: pE a+ p where the coefficients N a ^p verify the following 
conditions: 

N a ,p = -Np, a , N a ,p = -N_ a ,_p . (3.1) 

From (3.1) and the properties of root vectors in the Chevalley normalization, the 
following well known properties can be derived: 

(1) for any a, (3 6 R with a ^ (3 

[F a ,Fp], [G a ,Gp] € span{F 7 , 7 ei?}, [F a ,Gp] € span{G 7 )T ei?}; (3.2) 

(2) for any H G t c and any a,(3 <E R, B(H, [F a ,Fp]) = B(H, [G a ,Gp]) = and 

B(H, [F a , Gp]) = iS a pB(H, H a ) = 5 a pa(iH) ; (3.3) 
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Finally, for what concerns the Lie algebra of flag manifolds and of CR manifolds, 
we adopt the following notation. 

Assume that G/K is a flag manifold with invariant complex structure J (for 
definitions and basic facts, we refer to [Al], [AP], [BFR], [Ni]) and let ir : G/L — > 
G/K be a G-equivariant 5 1 -bundle over G/K. In particular, let us assume that I 
is a codimension one subalgebra of 6. Recall that 6 = t ss +3(6), with i ss semisimple 
part of t. Hence the semisimple part [ ss of [ is equal to fi ss and 6 = 1 + = 
(P s +0) n [) + RZ for some Z G 3(6). 

Let t c C J c be a Cartan subalgebra for g c contained in t c and R the root system 
of (g c , t c ). Then we will use the following notation: 

- R = {a G R , E a G t }; 

- R m = {a £ R , E a G m }; 

- for any a G i?, we denote by g(a) c = spanc{ E± a ,H a } and g(a) = g(a) c n 
0; 

- m(a) denotes the irreducible 6 c -submoduli of m c , with highest weight a G 

Rm'i 

- if m(a) and m(/3) are equivalent as [ c -moduli, we denote by m(a) + Am(/3) 
the irreducible [ c -module with highest weight vector i? a + XEp, a, (3 G i? m , 
A G C. 



5.^ T/ie structural decomposition q = l+RZ-p+m determined by the CR structure 
of a regular orbit. 

The main results of this subsection are given by the following two theorems on 
the structural decomposition of the regular orbits of a K-manifolds. The first one is 
a straightforward consequence of definitions, Theorem 2.6 and the results in [PS]. 

Theorem 3.1. Let (M,J,g) be a standard K-manifold acted on by the compact 
semisimple group G and let g = l+RZ-p+m andm 10 be the structural decomposition 
and the holomorphic subspace, respectively, associated with the CR structure (V, J) 
of a regular orbit G/L = G • p. Let also J : m — > m be the unique complex structure 
on m, which determines the decomposition m = m 10 + m 10 . 

Then, 6=1 + RZx> is the isotropy subalgebra of a flag manifold K, and the 
complex structure J : m — > m is ad^-invariant and corresponds to a G -invariant 
complex structure J on G/K. 

Ln particular, there exists a Cartan subalgebra t c C t c and an ordering of the 
associated root system R, so that m 10 is generated by the corresponding positive root 
vectors in m c = (6" L ) C . 

The following theorem describes the structural decomposition and the holomor- 
phic subspace of a regular orbit of a non-standard K-manifold. Also this theorem 
can be considered as a consequence of Theorem 2.6, but the proof is a little bit 
more involved. 
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Theorem 3.2. Let (M, J, g) be a non-standard K-manifold acted on by the compact 
semisimple group G and let g = l+RZ-p+m and m 10 be the structural decomposition 
and the holomorphic subspace, respectively, associated with the CR structure (V, J) 
of a regular orbit G/L = G ■ p. 

Then there exists a simple subalgebra Qf C with the following properties: 

a) denote by [ F = [ n Qf, l a = I n Qp, rap = m n Qp and m! = m n gp; then 
the pair (qfAf) is one of those listed in Table 1 and q and qf admit the 
following B-orthogonal decompositions: 

= lo + (\f + RZv) + (m F + m') , q f = If + RZ-p + m F ; 

furthermore [1 ,&f] = {0} and the connected subgroup K C G with Lie 
algebra £ = l a + Qf is the isotropy subalgebra of a flag manifold G/K; 

b) denote by m X p = mp n m 10 ; then there exists a Cartan subalgebra tp C 
l F + CZ-p and a complex number A with < |A| < 1 so that the element 
Zx>, determined up to scaling, and the subspace , determined up to an 
element of the Weyl group and up to complex conjugation, are as listed in 
Table 1 (see §5.1 for notation): 



Qf 


If 


Zx> 




su 2 


{0} 


i tj 


C(-E £l -e 2 + Ai5_ ei+e2 ) 


SU n _|_i 


su„_ 2 © M. 


— iR 


(C(£; ei _ e2 +A 2 £_ ei+e2 )® 

(m(£l-£3) + Am(£2-£3))®(m(£3-£2) + Am(£3-£l)) 


su 2 + su 2 


R 


~\ ( H e 1 -e 2 + #4-£ 2 ) 


C(B. 1 -. a +AS_ ( , i _,, ) )eC(B. i _,,+AS_ ( . 1 _. a) ) 


S07 


su 3 


-y(-f^ei+e 2 + #£3) 


(m(£i+£ 2 )+Am(-£3))®m(-£ 3 ) + (Am(£i+£2)) 


u 


S0 7 


-i2H £l 


(m(£i+£ 2 )+A 2 m(-£i+£ 2 ))® 

(m(l/2(£l+£ 2 +£ 3 +£4))+Am(l/2(-£l+£2+£3+£4))) 


S02n+1 


S0 2rl _i 


-iH ei 


(m(£i+£ 2 )+Am(-£i+£ 2 )) 




S02n-2 


-iH ei 


(m(£i+£ 2 )+Am(-£i+£ 2 )) 


SPn 


SPl+SP„-2 


—iH El + E2 


(m(2£ 1 )+A 2 m(-2£ 2 ))®(m(£i+£ 3 )+Am(-£2+£3)) 



Table 1 



c) the holomorphic subspace m 10 admits the following orthogonal decomposition 

—.10 __10 1 m no 

where m' 10 = m /C n m 10 ; 

d) the complex structure J' : m' — > m' associated with the eigenspace decom- 
position m' c = m' 10 + m /01 ; w/iere m' 01 = m' 10 , is Ad x -invariant and 
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determines a G-invariant complex structure on the flag manifold G/K; in 
particular the J' -eigenspaces are ad^z-o -invariant: 

■D,m no ] cm' 10 , [RZ v ,m' 01 } Cm' 01 . 



The proof of Theorem 3.2 needs the following Lemma. 



Lemma 3.3. Let G/L = G ■ p be a regular orbit of the non-standard K-manifold 
(M,J,g). Let also tt : (G/L,V,J) — > (G/K,J a ) be the CRF fibration given in 
Theorem 2.6 and (V K , J K ) the CR structures of the standard fiber K/L. 
Then: 

i) the 1-dimensional subspaces RZj^k and RZd of the structural decomposi- 
tions oft and g at the point p are the same, i.e. their structural decomposi- 
tions aret = l + RZ V + m K and g = [ + RZ V + m = [ + RZ V + (m^ + m'); 

ii) the holomorphic subspace m 10 of (G/L,T>,J) admits the B-orthogonal de- 
composition m 10 = m l £ + m' 10 where m' 10 = m 10 n m' c and is the 
holomorphic subspace of (K/L, V K , J K ); 

iii) [RZ v ,m no ] C m' 10 and [M^,m /01 ] C m' 01 . 

Proof. Let I = \-\-RZ v k and g = \+RZ-£>+m be the structural decompositions 
of t and g at the point p, associated with the CR structures (V K , J K ) and (T>, J), 
respectively. Denote also by J K and J the induced complex structures on and 
m. 

To prove i), we have to show that RZ v k = RZx>. This is proved by the following 
observation. By definitions, 

mjf = { X € m : ir*(X eL ) = 0} = mn! 



and hence 



■ VK = t n (l + m K y = t n ([ + (m n t)) x ctn([ + m) x = fn RZ V = rz v . 

ii) follows from the fact Jk = J\m K - 

To prove iii) , we recall that by Proposition 2.5, if P is the parabolic subgroup such 
that (G/K,Jp) is G-equivariantly biholomorphic to G c /P, then the subalgebra 
p = Lie(P) C g c verifies 

l c + m^ 1 + m' 01 p t • n 

where n is the nilradical of p and t is a reductive complement to n. In particular, 
m' 01 C p n (t c ) ± = n. Moreover, 

dime m' 01 = dime G/P = dime n 

and hence m' 01 = n. It follows that [RZ v ,m' 01 ] C [t c ,n] C n = m' 01 and 
v,m no ] = [RZ v ,m' 01 } C m 7 ^ = m' 10 . □ 
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Proof of Theorem 3.2. Let K C G be a subgroup so that any regular orbit G/L 
admits a very nice CRF fibration it : (G/ L,V, J) — ► (G/K,J Q ) as prescribed by 
Theorem 2.6. Then, for any regular point the i^-orbit K/L = K-p C G/L = G-p 
(which is the fiber of the CRF fibration it) is a non-trivial Morimoto-Nagano space. 
In particular, K/L is Levi non-degenerate, it is simply connected and the CR 
structure is non-standard (for the definition of non-standard CR structures and 
the properties of the CR structures of the Morimoto-Nagano spaces, see [AS]). 
Furthermore, by Lemma 3.3, the 1-dimensional subspace RZ v k associated with the 
CR structure of K/L coincides with the 1-dimensional subspace RZx> associated 
with the CR structure of G/L. 

Let L a C L be the normal subgroup of the elements which act trivially on K/L. 
Let also G F = K/L and l = Lie(L a ), q f = t n ([ ) x = Lie(G F ). 

Note that Th. 1.3, 1.4 and 1.5 of [AS] apply immediately to the homogeneous CR 
manifold Gp/Lp, with Lp = L mod L . In particular, since the CRF fibration 
7r : G/L — > G/K is very nice, K/L = Gp/Lp is a primitive homogeneous CR 
manifold (for the definition of primitive CR manifolds, see [AS]) and Qp is su n , 
su 2 + su 2 , so 7 , f 4 , 50 n (n > 5) or sp n (n > 2). 

From Th.1.4, Prop. 6.3 and Prop. 6.4 in [AS] and from Lemma 3.3 i) and ii), 
it follows immediately that the subalgebra Qp and the holomorphic subspace m^°, 
associated with the CR structure of the fiber K/L = Gp/Lp, verify a), b), c) and 
d). □ 

In the following, we will call the subalgebra Qp the Morimoto-Nagano subalgebra 
of the non-standard K-manifold M. We will soon prove that the Morimoto-Nagano 
subalgebra is independent (up to conjugation) from the choice of the regular orbit 
Gp = G/L. 

We will also call (qf,If) and the subspace rtv^ the Morimoto-Nagano pair 
and the Morimoto-Nagano holomorphic subspace, respectively, of the regular or- 
bit G/L = G-p. 

3.3 Optimal transversal curves. 

We prove now the existence of a special family of nice transversal curves called 
optimal transversal curves (see §1). We first show the existence of such curves for 
a non-standard K-manifold. 

Theorem 3.4. Let (M, J, g) be a non-standard K-manifold acted on by the compact 
semisimple group G. Then there exists a point p Q in the non-complex singular orbit 
and an element Z G g, such that the curve 

r] : R M , 7] t = exp(tiZ) • p a 

verifies the following properties: 

(1) it is a nice transversal curve; in particular the isotropy subalgebra Q Vt for 
any n t £ M reg is a fixed subalgebra I; 
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(2) there exists a subspace m such that, for any rj t 6 M ieg , the structural de- 
composition g = [ + RZx>{t) + m(t) of the orbit G/L = G ■ w t is given by 
m(t) = m and RZ v (t) = RZ; 

(3) the Morimoto-Nagano pairs (0F(t), ^f(^)) of the regular orbits G ■ r/ t do not 
dependent on t; 

(4) for any rj t G M reg; the holomorphic subspace m 10 (t) admits the orthogonal 
decomposition 

m 10 (t) = m F 3 (t)+m no (t) 

where m' 10 (t) = m' 10 C m is independent on t and xn)?(t) is a Morimoto- 
Nagano holomorphic subspace which is listed in Table 1, determined by the 
parameter A equal to 

\ = \(t) = e 2t . 

Moreover, if rj t = exp(tiZ) ■ p a is any of such curves and if (qf,^f) is (up to 
conjugation) the Morimoto-Nagano pair of a regular orbits G/L = G ■ n t , then (up 
to conjugation) Z is the element in the column "Zx>" of Table 1, associated with 
the Lie algebra Qp- 

For the proof of Theorem 3.4, we first need two Lemmata. 

Lemma 3.5. Let (M,J,g) be a K-manifold acted on by the compact semisimple 
Lie group G. Let also p be a regular point and G/L = G ■ p and G c /H = G c -p the 
G- and the G c -orbit of p, respectively. Then: 

(1) the isotropy subalgebra f) = Lie(Gp) is equal to 

h = l c + m 01 



where m 01 = m 10 is the anti-holomorphic subspace associated with the CR 
structure of G/L = G ■ p; 

(2) for any g € G c , the isotropy subalgebra I' = Q p > at p' = g ■ p is equal to 

[' = Ad 9 ([ c + m ol )n ; 

(3) let g 6 G and suppose that p' = g-p is a regular point; if we denote by g = 
t' + MZp+m' and bym' 10 the structural decomposition and the holomorphic 
subspace, respectively, given by the CR structure of G ■ p' = G/L', then 



m' 10 = Ad 3 (l c + m 10 ) , 
m' = (Ad 9 (( c + npo) + Ad 9 (l c + mio)) ngnl' 1 . 

Proof. (1) Consider an element V = X + iY 6 g c , with X, Y 6 q. Then V belongs 
to f) if and only if 

xTiY\ p = X p + JY P = . 
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This means that JX P = —Y p is tangent to the orbit Gp. In particular, X, Y G l+m 
and V = X + iJX € ( c + m 01 . 

(2) Clearly, V = G(l Gfy = G n (gHg- 1 ) and [' = g n Ad g (h). The claim is then 
an immediate consequence of (1). 

(3) From (1), it follows that 

m /io = -^ToT = ^ n (pcjl = Mg ^c + m oi) n ([' C )-L . 
From this, the conclusion follows. □ 

Lemma 3.6. Lei (M, J, g) &e a K-manifold acted on by the compact semisimple 
Lie group G. Let also p be a regular point and = 1 + RZx> + m the structural 
decomposition associated with the CR structure of G/L = G ■ p. Then: 

(1) for any g 6 exp(C*Zx>), the isotropy subalgebra g p > at the point p' = g ■ p is 
orthogonal to M.Zx> ; moreover, I C g p , and, if p' is regular, I = g p > ; 

(2) the curve 

T) : R — >■ M , n t = exp(itZ v ) ■ p 
is a nice transversal curve through p. 
Proof. (1) From Lemma 3.5 (2), for any point p' = exp(AZ-p) • p, with A € C*, 

B(q p ,,RZ v ) =B(Ad exp{XZv) (f + m 01 )ng,WZ v ) = 

= B((f + m ol )ng,Ad exp{ _ XZv) (RZ v ))=B((f + va ol )nQ,RZ v ) = 0. 
Moreover, since Zd G C c([ c ), we get that 

g pl = (Ad exp(AZl , ) ([ c + m 01 )) n g = [ + Ad exp(AZT ,) (m 01 ) n D I . 

This implies that I = g p < if p' is regular. 

(2) From (1), we have that condition (2.1) and the equality G ■ n t = G -p = G/L 
are verified for any point r\ t £ M reg . It remains to show that n intersects any regular 
orbit. 

Let = M\G be the orbit space and 7r : M — > £1 = M\G the natural projection 
map. It is known (see e.g. [Br]) that Q is homeomorphic to £1 = [0, 1], with M reg = 
7r _1 (]0, 1[). Hence r\ intersects any regular orbit if and only if (tt o n)(M) d]0, 1[. 

Let X\ = inf(7r o n)(R) and let {t n } c]0, 1[ be a sequence such that (tt o n) tn 
tends to X\. If we assume that X\ > 0, we may select a subsequence t nk so that 
lim nfc ^ 00 r]t„ k exists and it is equal to a regular point p Q . From (1) and a continuity 
argument, we could conclude that [ is equal to the isotropy subalgebra g Po , that 
Z-d\ Po 7^ and that JZx>\ Po is not tangent to the orbit G ■ p Q . In particular, 
it would follow that the curve exp(iRZx>) • p has non-empty intersection with 
rj(M) = exp(iRZ-p) ■ p and that p Q 6 ?y(M); moreover we would have that n is 
transversal to G ■ p a and that x\ = n(p ) is an inner point of tt o r](R), which is a 
contradiction. 

A similar contradiction arises if we assume that X2 = supw o rj(M) < 1. □ 
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Proof of Theorem 3.4- Pick a regular point p. Let = 1+MZd +m be the structural 
decomposition of the orbit G ■ p and let r/t = exp^itZ-p) - p. From Lemmata 3.5 and 
3.6 and Theorem 3.2, the structural decompositions = 1 + M.Zx>(t) + m(i) of all 
regular orbits G-r\ t are independent on t. Moreover, from Lemma 3.5 and Theorem 
3.2, it follows that the Morimoto-Nagano pair (gp, If) is the same for all regular 
orbits G ■ rj t and the holomorphic subspace mj of the orbit G ■ r] t is of the form 



m t 10 = Ad exp(itZo) K°) = Ad exp( _ itZc) (m^°(0)) + Ad exp( _ ltZl3) (m /10 (0)) (3.4) 

where m^ = m^(0) +m /10 (0) is the decomposition of the holomorphic subspace of 
G ■ i] given in Theorem 3.2 c). Since Zd € Qf, from (3.4) and Theorem 3.2 d), it 
follows that 

m t 10 = Ad exp( _ itZc) (m^(0)) + m' 10 (0) . 

This proves that the Morimoto-Nagano holomorphic subspace m^°(i) of the orbit 
G • r) t is 

m$(t) = Ad exp( _ itZc) (m^°(0)) (3.5) 

and that the £>-orthogonal complement m' 10 = m /10 (0) is independent on t and 
ad.^ -invariant. 

A simple computation shows that if Qp and rn^°(£) = Ad exp (_ it2T ,) (m) ? (0)) ap- 
pear in a row of Table 1 and if Zd is equal to Zd = AZ Q , where Z a is the cor- 
responding element listed in the column "Z©", then m^°(i) is determined by a 
complex parameter A = X(t), which verifies the differential equation 

a \ / \ 
- = 2^(i). 

In particular, if we assume A = 1, then X(t) = e 2t+Bp where B p is a complex 
number which depends only on the regular point p. 

Let us replace p with the point p Q = exp(-i^-Z) ■ p: it is immediate to realize 
that the new function X(t) is equal to 

A(t) = e 2t+B *- B * = e 2t . 

This proves that the curve r\ t = e ltz ' D ■ p a verifies (1), (2), (3) and (4). 

It remains to prove that for any choice of the regular point p, the point p Q = 
exp(— i-^-Z) ■ p is a point of the non-complex singular orbit of M . 

Observe that, since rj(M) is the orbit of a real 1-parameter subgroup of G c , 
the complex isotropy subalgebra fj t C C is (up to conjugation) independent on 
the point r/ t . Indeed, if rj to is a regular point with complex isotropy subalgebra 
h to = l c + rrip 1 + m' 01 , then for any other point rj t , we have that 

f)i = Ad exp(i (t_ to ) Zl ,)(l c + +m' 01 ) . 

On the other hand, the real isotropy subalgebra Q Vt C is equal to 

Q m = f)t n = Ad exp(l(t _ to)Zo) (l c + + m' 01 ) n . (3.6) 
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From (3.6), Table 1 and (4), one can check that in all cases 

Qvo D I + RZ V 

and hence that rjo = p a is a singular point for the G-action. On the other hand 
p cannot be in the complex singular G-orbit, because otherwise this orbit would 
coincide with G c • p a = G c ■ p and it would contradict the assumption that p is a 
regular point for the G-action. □ 

The following is the analogous result for standard K-manifolds. 

Theorem 3.7. Let (M,J,g) be a standard K-manifold acted on by the compact 
semisimple group G and let p be any regular point for the G-action. Let also 
= [ + M.Z + m and m 10 be the structural decomposition and the holomorphic 
subspace associated with the CR structure of the orbit G/L = G ■ p Q . Then the 
curve 

r] : R -> M , 7] t = exp(tiZ) • p a 

verifies the following properties: 

(1) it is a nice transversal curve; in particular the stabilizer in q of any regular 
point T] t is equal to the isotropy subalgebra I = g Po ; 

(2) for any regular point rj t , the structural decomposition q = l + M.Zx>(t) +m(t) 
and the holomorphic subspace m 10 (t) of the CR structure of G/L = G ■ rjt 
is given by the subspaces m(t) = m, RZ-p(t) = RZ and m 10 (t) = m 10 . 

Proof. (1) is immediate from Lemma 3.6. 

(2) It is sufficient to prove that [Z, m 10 ] C m 10 . In fact, from this the claim 
follows as an immediate corollary of Lemmata 3.5 and 3.6. 

Let (G/K,Jp) be the flag manifold with invariant complex structure Jp, given 
by Theorem 2.6, so that any regular orbit G ■ x admits a CRF fibration onto G/K, 
with fiber S 1 . Let also P be the parabolic subalgebra of G c such that G/K is 
biholomorphic to G c /P. 

From Proposition 2.5, if we denote by p = £ c + n the decomposition of the 
parabolic subalgebra p C g c into nilradical n plus reductive part f? c , we have that 

t = P n , [ c Ct c , [ c + m 01 Cf c + n. (3.7) 

Since the CRF fibration has fiber S 1 , it follows that t = 1 + RZ' for some Z' € 
3 (t)Ca = C ([)n[ ± . 

In case dim a = 1, we have that a = RZ = RZ' and hence m 10 C ([ c + CZ) 1 - = 
(t c ) x . From (3.7) we get that m 01 = n and that [Z,m 01 ] C [t c ,n] C n = m 01 . 

In case a is 3-dimensional, let us denote bya J - = anm = an (RZ) 1 - and by 
a 10 = a c n m 10 , a 01 = a c n m 01 = a™ so that (o x ) c = a 10 + a 01 . Consider also the 
orthogonal decompositions 

= [ + RZ + m = [ + RZ + a x + m' , m 10 = a 10 + m' 10 , 
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where m' 10 = m 10 nm' c . Let l ss be the semisimple part of [ and note that l ss = t ss . 
By classical properties of flag manifolds (see e.g. [Al], [AP], [Ni]) the ad^s -module 
m' contains no trivial ad^-module and hence m /10 = [F s ,m' 10 ] = [t,m' 10 ]. In 
particular, m' 01 = m' 10 is orthogonal to t and hence it is included in n. So, 

[Z,m' 01 } c [Z,nn(l c + a c ) ± ] cnn(l c + a c ) ± =m' 01 . 

From this, it follows that in order to prove that [Z, m 10 ] C m 10 , one has only to 
show that [Z, a 10 ] C o 10 Cm 10 . 

By dimension counting, a 10 = CE for some element E G o c ~ s^C). In case 
E is a nilpotent element for the Lie algebra a c ~ sl2(C), we may choose a Cartan 
subalgebra CH a for a = 5(2 (M), so that E G CE a . In this case, we have that 

Z G (a 10 + o 01 ) x = (CE a + CE_ a ) x = CH a 

and hence [Z, a 10 ] C [CH a ,CE a ] = <CE a = a 10 and we are done. 

In case E is a regular element for a c , with no loss of generality, we may consider 
a Cartan subalgebra CH a for a c so that CE = C(E a + tE_ a ) for some t ^ 0. In 
this case, a 01 = a m = C(E_ a + iE a ) = C(E a + \E_ a ) and, since a 10 Ha 01 = {0}, it 
follows that t^l/t. In particular, we get that CZ = (a^ + a 01 ) 1 = CH a . Now, by 
Lemma 3.5 (2), for any A G C*, the isotropy subalgebra l gx - Po , with g\ = exp(AZ), 
is equal to 

l gx . Po = Ad exp(xz) (f + a 01 + m' 01 ) n = l c + m' 01 + C(E a + te~ 2Xa ^ E_ a ) n . 

Therefore, if A is such that te~ 2Xa( - z ^ = -1, we have that [ gx . Po = l+R{E a -E_ a ) D 
[ and hence that p = g\ -p is a singular point for the G-action. On the other hand, 
p is in the G c -orbit of p Q and hence the singular orbit G • p is not a complex orbit. 
But this is in contradiction with the hypothesis that M is standard and hence that 
it has two singular G-orbits, which are both complex. □ 

Any curve r\ t = exp(itZ) ■ p Q , which verifies the claim of Theorems 3.4 or 3.7, 
will be called optimal transversal curve. 



3.4 The optimal bases along the optimal transversal curves. 

In all the following, r/ is an optimal transversal curve. In case M is a non-standard 
K-manifold, we denote by = I+lZp+m, (g F , l F ), mj?(t) and m 10 = m^°(t)+m' 10 
the structural decomposition, the Morimoto-Nagano pair, the Morimoto-Nagano 
subspace and the holomorphic subspace, respectively, at the regular points r/t G 
M reg . The same notation will be adopted in case M is a standard K-manifold, with 
the convention that, in this case, the Morimoto-nagano pair (gp, lp) is the trivial 
pair ({0}, {0}) and that the Morimoto-Nagano holomorphic subspace is = {0}. 

We will also assume that [ = l a + l F , where [„ = In l F . By t c = t£ +t F C l c C C , 
with t C i and tp C If, we denote a Cartan subalgebra of C with the property 
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that, the expressions of m] ? (t) and Zd in terms of the root vectors of (q f ,^) are 
exactly as those listed in Table 1, corresponding to the parameter X t = e 2t . 

Let R be the root system of (fl C ,t c ). Then R is union of the following disjoint 
subsets of roots: 

R = R° U R' = (R° ± U R° F ) U {R' F U R' + U R'_) , 

where 

R° ± = { a , E a G f a } , R° F = { a , E a G £ } , 
= { a , £ Q G m£ } , = { a , E a G m' 10 } , R'_ = { a , E a G m' 01 } . 
Note that 

po po po po p/ p' p' p' 

— -fx_l_ — xtj_ , — itp — .tip , — .tip — JrLp , — rt_|_ — JX_ . 

Moreover, R° ± is orthogonal to R° F and R°j_, R° F and R F UR' F are closed subsystems. 
Clearly, in case M is standard, we will assume that R° F = R' F = 0. 

We claim that for any a G R' F there exists exactly one root a d G R' F and two 
integers e a = ±1 and £ a = ±1, ±2 such that, for any t G M, 

£ a +e 2 H Q £_ a ,emi?(i) , . (3.8) 

The proof of this claim is the following. By direct inspection of Table 1, the 
reader can check that any maximal fp-isotopic subspace of m^(i) (i.e. any maximal 
subspace which is sum of equivalent irreducible [^-moduli) is direct sum of exactly 
two irreducible [^-moduli (see also [AS]). Let us denote by (a^, — af ) (i = 1, 2, . . . ) 
all pairs of roots in Rp with the property that the associated root vectors E ai and 
E_ a d are maximal weight vectors of equivalent fp-moduli in mp(t). Using Table 1, 
one can check that in all cases m^°(t) decomposes into non-equivalent irreducible 
l^-moduli, with maximal weight vectors of the form 

E ai + ^E_ a d 

where = (A(t)) £i = e t£it , where £i is an integer which is either ±1 or ±2. 

Hence rrip (t) is spanned by the vectors E a + X t E_ a and by vectors of the form 

i 

[Ep, E ai + X t E_ a d] = N/3 tai E ai+/ 3 + X t N f3 _ a dE_ a d +/3 , (3.9) 

for some Ep G l c . Since the l c -moduli containing E a . and E_ a d are equivalent, 
the lengths of the sequences of roots + r/3 and — af + r/3 are both equal to some 
given integer, say p. This implies that for any root [3 G R° F 

and hence that ^ p ' ai = ±1. From this remark and (3.9), we conclude that m^°(t) 

0, a.^ 

is generated by elements of the form 
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where (5 G R° F , a = a { + (3, a = ai + (3, a d = af + [3 and e Q = f? 13 '^ . This 

f3, — a d 

% 

concludes the proof of the claim. 

For any root a G Rf, we call CR-dual root of a the root a d so that E a + 
e a e u ^E_ a d G m 10 (t). 

We fix a positive root subsystem R+ C i? so that R' + = R + n(R\(R°DR° F DR' F )). 
Moreover, we decompose the set of roots R' F into 

R' F = R^ U R F ^ 

where 

R^l = { a G : E a + e a e £at E_ a d G m 10 , with i a = +1, +2 } 

= {a G i?^ : E a + e a e iat E_ a d G m 10 , with i a = -1, -2 } 
Using Table 1, one can check that in all cases 

m 10 = span c { E a + e a e to,t E_ a d , a G R^ } 

and that if a G Rp*~\ then also the CR dual root a d G R^ . We will denote by 
{a\,af, «2, «2> • • • > ot r ,af} the set of roots in and by . . . , (3 S } the roots in 
R' + = R+r\R'. 

Observe that the number of roots in Rp~^ is equal to \ (dim^ Gp/Lp — 1), where 
Gp/Lp is the Morimoto-Nagano space associated with the pair (g F , l F ). 

Finally, we consider the following basis for WZjy + m ~ T Vt G ■ r] t . We set 

F = Zx> , 

and, for any 1 < i < r, we define the vectors Ff~, F~ , Gf and G~ , as follows: in 
case {ai, af } C R^ is a pair of CR dual roots with ai ^ af, we set 

F t = ~^ Fa i + e <*i F a:f) ' = ffi( Fa * ~ e <*i F af) ' 

Gf = -^(G at + e at G a d) , G~ = ~^G a% - e ai G a d) , (3.10) 

where e ai = ±1 is the integer which is defined in (3.8); in case {ai,af} C R^ is 
a pair of CR dual roots with ai = af, we set 

Ft = F ai = Eat ~J~ a > , Gf = G at = i Ea > + J- a > (3.10') 

and we do not define the corresponding vectors F~ or G~ . Finally, for any 1 < i < 
s = n — 1 — 2r, we set 

F[ = F ft , G'i = G Pi . (3.11) 
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Note that in case r is odd, there is only one root ctj 6 Rp such that ai = af . 
When 0f = SU2, this root is also the unique root in Rp~\ 

In case Qf = {0}, we set F = Zx> and F[ = Fp., G\ = Gp i and we do not define 
the vector f\^ or Gp^ . 

The basis (F , Fp,Fj, Gp Gj) for IRZ-p +m, which we just defined, will be called 
optimal basis associated with the optimal transversal curve rj. Notice that this basis 
is £>-orthonormal. 

For simplicity of notation, we will often use the symbol Ff~ (resp. Gk) to denote 
any vector in the set {F , Fp , Fj} (resp. in {Gf, G'j}). We will also denote by Np 
the number of elements of the form Fp. Note that N F is equal to half the real 
dimension of the holomorphic distribution of the Morimoto-Nagano space Gp/Lp. 

For any odd integer 1 < 2k — 1 < Np, we will assume that F 2 k-i = Fp; for any 
even integer 2 < 2k < N F , we will assume F 2 t = F^ . If N F is odd, we denote by 
Fn f the unique vector defined by (3.10'). We will also assume that Fj = Fj-n f 
for any Np + 1 < j < n — 1. 

In case M is a standard K-manifold, we assume that Np = 0. 

In the following lemma, we describe the action of the complex structure Jt in 
terms of an optimal basis. 

Lemma 3.8. Assume that r\ t is an optimal transversal curve and let 

( F 0, F P' F j' G k' G 'j) 

an associated optimal basis ofRZx> +m. Let also J t be the complex structure of m 
corresponding to the CR structure of a regular orbit G ■ rjt ■ 

Then J t F[ = G[ for any \ <i<s = n— 1 — Np. Furthermore, if M is 
non-standard (i.e. Np > 0) then: 

(1) i/1 < i < Nf and {aj, af}, is a pair of CR-dual roots in R^ with oti ^ af 
then 

J t Fp = - coth(^)G+ , J t F~ = - tanh(^)G" , (3.12) 

where li is equal to 2 if Fp £ [mp, mp] c Hmp and it is equal to 1 otherwise; 

(2) ifl<i< Np and {aj, af} is a pair of CR-dual roots in R^ with cti = af, 
so that = F a% , then 

J t Fp = -coth(£it)Gf , (3.13) 

where ti is equal to 2 if Fp £ [mp,mp] c Cimp and it is equal to 1 otherwise. 
Note that the case ii = 2 may occur only if Qf = U or sp n - see Table 1. 

Proof. The first claim is an immediate consequence of Theorem 3.2 d) and the 
property of invariant complex structures on flag manifolds. 
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In order to prove (3.12), let us consider a pair {ai, af} of CR dual roots in Rp 
with oii ^ af; by the previous remarks, there exist two integers l\, if, which are 
either +1 or +2, and two integers e ai , e a d = ±1, so that 



for any t ^ 0. 

By direct inspection of Table 1, one can check that the integers if, li are always 
equal. We claim that also = ef for any CR dual pair {cii,af} C Rpt^ . 

In fact, by conjugation, it follows that the following two vectors are in m'p(i) for 
any t ^ 0: 

E "i + —^2Tt E -^ > ^ + ~ e • ( 3 - 14 ) 



At this point, we recall that 770 is a singular point for the G-action and that, by the 
structure theorems in [HS] (see also [AS]), the isotropy subalgebra Q Vo contains the 
isotropy subalgebra (qf)ti of the non-complex singular GV-orbit in M, which is a 
c.r.o.s.s.. In particular, one can check that dini^g^?),^ = dim^ [p* + dimcm^ . 

On the other hand, by Lemma 3.5 (2), we have that (qf)t] = If + H m'p(O) 
and hence that 

dim R (flnm£(0)) = dimcm^(O) . (3.15) 

Here, by m^(0) we denote the subspace which is obtained from Table 1, by setting 
the value of the parameter A equal to A(0) = e° = 1. Note that this subspace is not 
a Morimoto-Nagano subspace. 

From (3.14), one can check that (3.15) occurs if and only if 



(3.16) 



for any pair of CR dual roots aj, af . This proves the claim. 

In all the following, we will use the notation = e ai = e a d . 

By some straightforward computation, it follows that, for any t 7^ 0, the elements 
F a . , F d , G a . and G d are equal to the following linear combinations of holomorphic 

i i 

and anti- holomorphic elements: 



1 



V2(l 



oUit\ 



E ai + e ie 2eit E_ ad ) + e ie 2tit (E a d + e ie 2tit E_ ai ) 



Hit 1 



2iit - 



+ 



+ 



1 



■E 



e ie 2 ^(E a d + 



1 



-E. 



v / 2( 



-i { 

1 - e 4 ^*) I 



eie 2lit {E ai + e,e 2l ^E_ a d) + (E a d + e^E 



e 2 ^e % (E ai + 



1 



E_ a d) + e^ t (E a d + 



1 



2£ z t 



E. 
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G, 



1 y/2(l - e 4 ^*) 
+ 



{ [{E ai + e ie 2i ^E_ af ) - e t e 2i ^(E af + e^E.^ 



+ 



-e u *(E ai + —^E_ ad ) + e ie 2 ^(E ad + — Lrr£ 



— - | 

1 - e 4 ^*) I 



+ 

We then obtain that 



e . e 2£it -°<i> 1 ^ ^ <*i ' e . e 2lit 
-e ie 2 ^(E at + e.e 2 ^.^) + (E a a + e ie 2 ^£_ ai ) 



+ 



l + e 4 ^* 2e-e 2£i * 



J+F„d = 



2e, : e 



2^t 



1-e 4 



1 + e 4 ^ 



(3.17) 



So, using the fact that ef = 1, we get J t Ff = j^^Gf = — coth(£ J) Gf and 



J tF i - 1+e2t 
observe that for any t ^ 



Z —G i = — tanh(£ i t)G i . The proof of (3.13) is similar. It suffices to 
1 



Gt 



V2(l 



{(l + e 2 ^)(E ai +e 2 ^E_ ai )- 



e 2 ^(l + e 2 ^)(E at +e- 2 ^E. ai )} , 

{(l-e 2 ^)(E ai +e 2 ^E. ai )+ 



y/2(l - e 

+e 2 ^(l-e 2 ^)(E ai +e- 2 ^E_ ai )} , 
and hence that J t F+ = j^fffGf = - coth(^t)G+. □ 



4. The algebraic representatives of the Kahler and Ricci form of a K- 
manifold. 

In this section we give a rigorous definition of the algebraic representatives of the 
Kahler form to and the Ricci form p of a K-manifold. We will also prove Proposition 
1.1. 

Indeed, we will give the concept of 'algebraic representative' for any bounded, 
closed 2-form w, which is defined on M reg and which is G-invariant and J-invariant. 
Clearly, lo\m ibs and p\M reg belong to this class of 2-forms. 

Let i] : R — > M be an optimal transversal curve. Since q is semisimple, for any 
G-invariant 2-form w on M reg there exists a unique ad[-invariant element € 
Hom(g,g) such that: 



B(F^ t (X),Y) = w Vt (X,Y) , X,Yeg, ^0 



(4.1) 
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If w is also closed, we have that for any X, Y, W € q 

= 3dw(X, Y, W) = w(X, [Y, W]) + zu(Y, [W, X]) + w(W, [X, Y]) . 
This implies that 

F^ t ([X,Y]),W) = [F„ it (X),Y] + [X,F^ t (Y)\ 
i.e. is a derivation of g. Therefore, is of the form 

F ro>t = ad(Z w (t)) (4.2) 

for some Z w (t) € and w m (X,Y) = B([Z^(t),X],Y) = B{Z m (t), [X,Y]) . Note 
that since F^ :t is ad[-invariant, then Z m {t) G C g ([) = + o, where a = C g (Q n 
We call the curve 

Z w :R-C fl (l)=3(Q + a, (4.3) 

the algebraic representative of the 2-form w along the optimal transversal curve r\. 

By definition, if the algebraic representative Z m (t) is given, it is possible to 
reconstruct the values of w on any pair of vectors, which are tangent to the regular 
orbits G-r] t . Actually, since for any point r] t 6 M reg we have that J(T Vt G) = T Vt M, 
it follows that one can evaluate w on any pair of vectors in T Vt M if the value 
m Vt {Zx>, J Zx>) is also given. However, in case w is a closed form, the following 
Proposition shows that this last value can be recovered from the first derivative of 
the function Z^it). 

Proposition 4.1. Let (M, J,g) be a K-manifold acted on by the compact semisim- 
ple Lie group G. Let also n t = exp(UZx>) • p be an optimal transversal curve and 
Z ro : R — > i(l)+a the algebraic representative of a bounded, G-invariant, J -invariant 
closed 2-form w along r\. Then: 

(1) if M is a standard K-manifold or a non-standard KO-manifold (i.e. if either 
o = RZp or a = su 2 and M is standard), then there exists an element 
Ivj € 3(0 an d a smooth function / ro : R — > R so that 

Z„(t)=U(t)Z v + I VJ ; (4.4) 

(2) if M is non-standard KE-manifold, then there exists a Cartan subalgebra 
t c C [ c + o c and a root a of the corresponding root system, such that 
Zd € M.(iH a ) and a = RZx> + RF a + RG a ; furthermore there exists an 
element I ro 6j([), a real number C ro and a smooth function / ro : R — > R so 
that 

ZUt) = U(t)Zv + -%ttG q + I w . (4.4') 
cosh(t) 

Conversely, if Z^ : R — ► C g (l) is a curve in C g (() of the form (4-4) or (4-4% then 
there exists a unique closed J -invariant, G-invariant 2-form w on M ieg , having 
Z^it) as algebraic representative; such 2-form is the unique J- and G-invariant 
form which verifies 

w rlt (V,W)=B(Z m (t),[V,W}) , w m (JZ v ,Z v ) = -f^(t)B(Z v ,Z v ) . (4.5) 
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for any V, W £ m and any r\ t G M reg . 

Proof. Let robea closed 2-form which is G-invariant and J- invariant and let Z m (t) 
be the associated algebraic representative along 77. Recall that Z m (t) £ 3(1) + 0. So, 
if the action is ordinary (i.e. = RZ V ), Z m (t) is of the form 

Z„(t) = U(t)Zv + I*,(t) , (4.6) 

where the vector I ro (t) 6 j(Q may depend on i. 

In case the action of G is extraordinary (that is a = SU2) by Lemma 2.2 in [PS], 
there exists a Cartan subalgebra t c C [ c + o c , such that = CH a + CE a + CE_ a 
for some root a of the corresponding root system. By the arguments in the proof 
of Theorem 3.7, this Cartan subalgebra can be always chosen in such a way that 
Z v € R(iH a ) and hence that a = RZ V + RF a + RG a . 

Then the function Z^(t) can be written as 



(4.6') 



for some smooth real valued functions g ro and and some element I CT (t) £3(1). 
We now want to show that, in case M is a non-standard KE-manifold, then 



cos ^ t ) for some constant C ro . 



<7 ro (i) = and that /i ro (t) 

In fact, observe that if Z w {t) is of the form (4.6') and if Zv is as listed in Table 
1 for Qp = SU2 , then 

w Vt {Z v ,G a ) = g m {t)B{F a ,[Z v ,G a }) = -g„(t) , 

m Vt {Zv,F a ) = h VD (t)B(G a , [Z v ,F a ]) = h^(t) . 

Consider now the facts that w is closed, G a and Zv are holomorphic vector fields 
and JZT>\ri t = Vt- ^ follows that g m verifies the following ordinary differential 
equation 



dg^ 



dt 



Vt 



— -jj_w(Zv,G a ) 



Vt 



— JZd iw(Zv,G a ) ) = 

/ Vt 

- zu Vt ([JZx>, Zx>],G a )- 



= G a (w(J Zv, Zv)) + Zv(w(G a , JZv)) 

Vt 

— w m ([G a , JZv],Zv) — -cu m ([Zv, G a ], JZ V ) 

= w Vt ([Zv, G a ],JZv) = -w Vt ([Zv, G a ],JZv) = 
= -w Vt (Zv,JF a ) = coth(t)'nj Tlt (Zv,G a ) = - coth(t)^ ro (t) 
We claim that this implies 

gUt) = • 



(4.7) 



(4.8) 



In fact, if we assume that g^(t) does not vanish identically, integrating the above 
equation, we have that <? ro (t) = sin h( t ) f° r some C^O and hence with a singularity 
at t = 0. But this contradicts the fact that w is a bounded 2-form. 
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With a similar argument, we have that h va {t) verifies the differential equation 

= — tanh(i)/i ro (i) ; 

Vt 



dt 

by integration this gives 



M*) = (4-9) 
cosh(i) 

for some constant C ro . 

We show now that, in case M is a standard KE-manifold, then Z^{t) is of the 
form (4.4). In fact, even if a priori Z^{t) is of the form (4.6'), from Lemma 3.8 and 
the same arguments for proving (4.7), we obtain that 



dt 



-Wr, t (Z v ,JF a ) = -w Vt (Z v ,G a )= g„(t) . (4.10) 



Vt 



This implies that g^{t) = Ae l for some constant A. On the other hand, if A ^ 
0, it would follow that ]xm t ->oo \^th(Zt>, G a )\ = ]im t -> 00 \9zu(t)\ = +oo, which is 
impossible since w Vt (Zx>,G a ) is bounded. Hence g^(t) = 0. 
A similar argument proves that h m (t) = 0. 

In order to conclude the proof, it remains to show that in all cases the element 
J ro (i) is independent on t and that m^^JZ-p, Zx>) = — f' m {t)B{Zx>, Zx>) for any t. 
We will prove these two facts only for the case a ~ 5(2 (M) and M non-standard, 
since the proof in all other cases is similar. 

Consider two elements V, W £ q. Since w is closed we have that 

= Zdw nt {JZ v ,V,W) = 

= JZ v (m m (V, W)) - V(w m (JZ V , W)) + W(w m (JZ v , V))— 
-w Vt ([JZv, V],W) + w m ([JZv, W], V) — w m (\y, W], JZ V ) = 
= JZ v \ Vt (w(V,W)) - w Vt (JZ v , [V,W]) = 

+ w Vt {JZ v ,%W]) . (4.11) 



±(B(Z^[V,W})) 



On the other hand, we have the following orthogonal decomposition of the element 
[V,W\: 

[V, W] = B %Z> [V ' W]) Z V - B(F a , [V, W])F a - B(G a , [V, W])G a + 

+ [V,W] {[+aV + [V,W] l , 

where [V, W\\ and [V, W]^ +a ^± are the orthogonal projections of [V, W\ into [ and 
(l + a)- 1 -, respectively. Then 

w m (JZ v , = B{ -^: [V, W]) w m (JZ v ,Z v ) - B(F a , [V,W])w Vt (JZ v ,F a )- 
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-B(G a , [V, W])w Vt (JZ V , G a ) + w vt (JZ V , [V, W] {[+a)± ) = 
= ~^TT ro n + B{F at [V, W])w vt (Z V , JF a ) + 

Zj-d) 

+B(G a , [V, W])w Vt (Z V , JG a ) - w m (Zv, J\V^W] {l+aV ) = 

B(Z V ,[V,W]) _ ~ ~ C ro tanh(t) 
= B(Z V ,Z V ) W ^ JZv > Zv) + B{G ^ [V > W]) cosh(t) " 

-B(Z^t),[Z v ,J Vt ([V,W] {l+a ^)]) = 
Therefore (4.11) becomes 

B ({'-w +f ^^}* + £-H =0 - 

Since V, W are arbitrary and ^ff- £ C (Zt,)- 1 , it implies 

Jrol j B(Z V ,Z V ) ' dt ~ ' 

as we needed to prove. □ 



We conclude this section, with the following corollary which gives a geometric 
interpretation of the optimal bases (see also §1). 

Corollary 4.2. Let (M,J,g) be a K-manifold and let (F i: Gi) be an optimal basis 
along an optimal transversal curve rj t = exp(tiZ) ■ p a . For any rj t 6 M reg , denote 
by Tt = (eo, ei, . . . , e ra ) t £/ie following holomorphic frame in T^ ± M : 

e o = F \ Vt — iJF \ Vt = Z\ Vt — iJZ\ Vt , ei = Fi\ Vt — iJ F\ Vt i>l . 

Then, 

(1) if M is a KO-manifold or a standard KE-manifold, then the holomorphic 
frames Tt are orthogonal w.r.t. any G -invariant Kdhler metric g on M ; 

(2) if M is a non-standard KE-manifold, then the holomorphic frames T t are 
orthogonal w.r.t. any G-invariant Kdhler metric g on M, whose associ- 
ated algebraic representative Z u {t) has vanishing coefficient C w = (see 
Proposition 4-1 for the definition of C^) 



Proof. It is a direct consequence of definitions and Proposition 4.1. □ 
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5. The Ricci tensor of a K-manifold. 

From the results of §4, the Ricci form p can be completely recovered from the 
algebraic representative Z p (t) along an optimal transversal curve rjt- On the other 
hand, using a few known properties of flag manifolds, the reader can check that the 
curve Z p (t) E 3 (I) + a is uniquely determined by the 1-parameter family of quadratic 
forms Q r on m given by 

Q r t :xn^R, Q r t (E) = r Vt (E,E) (= -p Vt (E, E) = -B(Z p (t),[E, J t E})) . 

Since m corresponds to the subspace T> Vt C T Vt G ■ rjt, this means that for any 
Kahler metric uj, the corresponding the Ricci tensor r is uniquely determined by 
its restrictions r\x> t xv t on the holomorphic tangent spaces V t of the regular orbits 
G-rjt- 

The expression for the restrictions r\x> t xT> t m terms of the algebraic representa- 
tive Z u (t) of the Kahler form ui is given in the following Theorem. 

Theorem 5.1. Let (M,J,g) be a K-manifold and r\ t = ex.p(tiZ-p) ■ p Q be an 
optimal transversal curve. Using the same notation of §5, let also (Fi,Gi) = 
(F , F^ 1 , G^,Fj, G'j) be an optimal basis for MZ-p + m; finally, for any 1 < j < Np 
let lj be the integer which appear in (3.12) for the expression of J t Fi and for any 
Nf + 1 < k < n — 1 let (3j~ be the root so that Fk = Fp h . 
Then, for any r\ t E M reg and for any element E E m 



N F n-1 

P Vt (E,JE) = A E {t) \ -h'(t) - J2^ ( ~ iy+1 + h( iZ - 




N F n-1 

^tanh ( - 1)l+1 (^i+ 

i=l j=N F +l 

where 

h(t) = log(w n GF , JF ,F U JF U JF n _i)|,J 
B([E,J t E],Z v ) 
Mt) ~ B{Z V ,Z V ) ' 

N p 

B dt) = ™^tanh(- 1 ) l+1 (^)S([ J E;, J t E] l+m ,[F l ,G l ] l+m ) + 

i=l 

n-1 

+ Y B{iH p .,[E,J t E\ lW ) , (5.4) 

j=N F + l 

and where, for any X £ q, we denote by X[ +m (resp. X } ^) the projection parallel 
to (l + m) 1 - = RZ-r, (resp. to 3(Q- L y ) of X into l + m (resp. into 

Proof. Let J t be the complex structure on m induced by the complex structure J 
of M. For any E E m and any point n t , we may clearly write that p nt (E, JE) = 
p nt (E, J t E) and hence, by Koszul's formula (see [Ko], [Be]), 

1 \^j\E~J~E\ <jjn ) ( °' ^Eo,Fi, JFi, J-F n -i) 

p vt (E, JE) = - , ri \ , s (5.5) 

2 col(F ,JF ,F 1 ,JF 1 ,...,JF n _ 1 ) 
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(note that the definition we adopt here for the Ricci form p is opposite in sign to 
the definition used in [Be]). 

Recall that for any Y £ g, we may write 

Y\r)(t) = y^^iFj\y(t) + y]ViJFi\ri(t) , 
i>0 i>l 

where 

_ B(Y,Fj) B{Y,J t Fi) 

~ tit n — FT ' 



B(Fi,Fi) ' ™ B(J t F t ,J t F,) ■ 
Hence, for any i 

[J[E^E\,Fi\ m = -J[[E, J*iT,F4 = 

^ B([[E,J t E},F t ],F 3 ) p ^ B([[E,J t E],F l ],J t F,) p 
~ ^ B( Fj ,F 3 ) ^^W + Z. B(J t Fj, JtFj) *W 

B([F, JtE], [Fi,Fj]) r£ ,, , J t E], [F,, J t F 3 ]) 



. :0 — wf-fJ) — JFU) + h w^hFj) FU) ' (5 - 6) 



[J^Jt^JFi]^ = [[E,J t E\,Fi\ Vt = 

" ^ WF-Fj) FU)+ h B(J t Fj, JtFj) JF ^- (5 - 7) 

Therefore, if we denote h(t) = \og(uj n (F , JF ,F 1 , JF 1 , . . . , JF n _i)\ m ), then, after 
some straightforward computations, (5.5) becomes 

Pm (E,m = \j\EXm)w - E b( %^fT ]) ■ (5 - 8) 



i>i 



We claim that 



In fact, for any l£g 



J[E,J t E](h)\ nt =A E (t)h' t . (5.9) 



X(w(F , JFo,...,JF n _i) 



l»7* 



= -^([X, F ], JF , . . . , JF n _0 - w(F , J[X, F ],..., JF n _i) - • • • = . (5.10) 
On the other hand, 



J[£,J t ^|„ t = J ^>k + J K = A E {t)JZ v \ Vt + J t X, t (5.11) 



for some some X 6 m. From (5.11) and (5.10) and the fact that JZx>\ Vt = rj' t , we 
immediately obtain (5.9). 
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Let us now prove that 



n-1 

£ 

i>i 



ff([£,J f £],[F,,J t F,]) 
B(J t Fi,J t Fi) 



n-1 



A E \ ^tanh^ 1 {lit)li- Y, &( iZ v) 

j=N F + l 



i=l 



> -B f 



(5.12) 



First of all, observe that from definitions, for any 1 < k < N E we have that, for 
any case of Table 1, when a k ^ af, 

B{Z v ,[F k ,G k ]) = ^B(Z v ,[F ak + (-l) k+1 e k F ai ,G ak + (-l) k+1 e k G ai }) = 



-B(Z v ,H ak + H a d) = 4 



and, when a k = a d 



ki 



B(Z v ,[F k ,G k ]) = B(Z v ,[F ak ,G ak ]) = B(Z v ,iH ak ) = £ k . 
Similarly, for any N E + 1 < j < n — 1 

B(Zv, [F^Gj]) = B(Z v ,iHp.) = fyiiZv) . 



(5.13) 



(5.13') 



(5.14) 



So, using (5.13), (5.13'), (5.14) and the fact that B(F h Fi) = B(G h Gi) = -1 for 
any 1 < i < n — 1, we obtain that for 1 < k < Np, 

B([E,J t E],[F k ,J t F k }) f) ( . B([E,J t E],Z v ) 

B(J t F k ,J t F k ) ~ tanh {£kt) [Fk ' Gk]) B(Z V ,Z V ) + 



+ B([E, J t E]i +m ,[F k ,G k ] l+m ) 

= t a nh^ k+ \e k t)[A E (t)£ k +B([E,J t E] l+m ,[F k ,G k ] l+m )} , (5.15) 
and for any N F + 1 < j < N 

B([E,J t E], [Fj, JtFj]) _ 



B([E,J t E],Z v ) 



B{J t F 3 ,J t F 3 ) 
B(Z V , [Fj ,Gj]) - B([E, J t E] (+m [Fj , Gj] [+m ) 



(5.16) 



B{Z V ,Z V ) 

= -A E f3 3 {iZ v ) - B{iH Pj ,[E, J t E] 3{() ) 

From (5.15) and (5.16), we immediately obtain (5.12) and from (5.8) this concludes 
the proof. □ 



The expressions for the functions A E (t) and B E [t) simplify considerably if one 
assumes that E is an element of the optimal basis. Such expressions are given in 
the following conclusive proposition. 
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Proposition 5.2. Let (Fi,Gi) be an optimal basis along an optimal transversal 
curve 7] t of a K-manifold M . For any 1 < i < Np, let £{ be as in Theorem 5.1 and 
denote by{cti,af} C the pair of CR- dual roots, such that Fi = -^(F ai ±€iF a d) 

or Fi = F ai , in case en = af; also, for any Np + 1 < j < n— 1, denote by (3j E R' + 
the root such that Fj = Fp. . Finally, let Ap(t) and B F (t) be as defined in Theorem 
5.1 and let us denote by 

n-1 
k=N F + l 

(1) IfE = Fi for some l<i<N F , then 



anc 



+ tanh(- 1 ) l (£ i t) ^t a nh(- 1 )' +1 (^t)5([F l ,G l ] l+m ,[F J ,G i ] l+m )j , (5.19) 
(2) If E = Fi for some N F + l<i<n-l, then 

= B lf^^i , B Ft (t) = B{Z",iH fk ) . (5.20) 



Proof. Formulae (5.18) and (5.19) are immediate consequences of definitions and 
of (5.13), (5.13') and (5.14). Formula (5.20) can be checked using the fact that 
[Fp i , JtFfc] = [Fp t ,Gp.] = iHp i for any N F + 1 < i < n - 1, from properties of the 
Lie brackets [Fi,Gi], with 1 < i < Np, which can be derived from Table 1, and 
from the fact that RZ V C [m', m']- 1 . □ 
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